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Fractional Active Contour Model with Adaptive Hessian Weighting for

Mammogram Segmentation

Abstract

Background: Accurate segmentation of breast masses in mammographic images is a crucial step
in computer-aided diagnosis (CAD) systems. However, mammograms are often affected by noise,
low contrast, weak boundaries, and intensity inhomogeneity, which significantly challenge reliable
segmentation. Methods: In this study, a novel variational active contour model is proposed by
integrating spatially adaptive fractional-order enhancement with Hessian-based curvature weighting.
A spatially varying fractional-order map is first derived from the image gradient to selectively
enhance texture details and weak edges. Based on the enhanced image, second-order structural
information is extracted through the Hessian matrix, whose eigenvalues are employed to construct
an adaptive edge-stopping function sensitive to local curvature. To further address intensity
inhomogeneity, a local region-fitting energy term inspired by the region-scalable fitting model is
incorporated into the formulation. The proposed model is implemented within a level-set framework,
ensuring numerical stability and topological flexibility. Results: The proposed method was evaluated
on two publicly available mammogram datasets, namely [Nbreast and CBIS-DDSM. Quantitative
comparisons using the Dice Similarity Coefficient (DSC) and Hausdorff Distance demonstrate
that the proposed approach consistently outperforms classical active contour models and achieves
competitive performance compared to learning-based methods, particularly in challenging cases
involving low contrast and irregular lesion boundaries. Conclusions: The proposed fractional active
contour model provides a robust, fully unsupervised, and interpretable solution for mammographic
mass segmentation. By jointly exploiting adaptive fractional enhancement, Hessian-based curvature
information, and local intensity fitting, the method effectively addresses key challenges inherent
to mammogram images, making it a promising tool for assisting breast cancer detection in CAD
systems.
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and negatives, particularly in dense breast
tissues.[) These limitations highlight the
need for computer-aided diagnosis (CAD)
systems capable of assisting radiologists
in identifying and segmenting suspicious
regions automatically.’”) Accurate mass
segmentation is critical in CAD systems,
forming the foundation for classification,
volumetric analysis, and treatment planning.
Active contour models (ACMs) have
long been used for delineating evolving
boundaries.['*!!

Introduction

Breast cancer remains the most prevalent
malignancy among women worldwide and a
leading cause of cancer-related mortality.!
Early detection is considered a critical factor
in  minimizing complications, reducing
mortality rates, and enhancing overall
patient prognosis. Among the available
imaging techniques, mammography is
widely recognized as the most effective
modality for early detection, owing to its
high spatial resolution and widespread
global accessibility.’>) However, manual
interpretation is time-consuming,
subjective, and prone to false positives

Edge-based ACMs rely on strong image
gradients but often fail in mammograms
where lesion boundaries are weak or blurred.
Region-based models, such as the Chan—
Vese model!'! and region-scalable fitting
(RSF),”! improve robustness by leveraging
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intensity statistics but remain sensitive to initialization and
weak boundaries. Recent extensions, including multiphase
level setst'*"] and shape-driven ACM,!'"¥ aim to improve
stability and adaptability to complex or irregular lesions.
Fractional-order derivatives have been introduced to
enhance edge and texture information, capturing both local
and nonlocal image dependencies.l'*"! These methods
can model image memory and improve segmentation in
low-contrast or noisy conditions. Second-order differential
information, particularly via the Hessian matrix, captures
curvature and structural patterns, enhancing detection of
spiculated or irregular masses.?>!

Deep learning approaches, including fully convolutional
networks (FCN),? Mask R-CNN,?"l U-Net,?! enhanced
U-shaped networks,®! attention U-Net, Connected
UNets,?2  and  transformer-based  architectures,**33]
as well as advanced encoder-decoder frameworks,?¢
have achieved state-of-the-art performance. However,
they require large annotated datasets, extensive training,
and often lack interpretability.>373% The convergence of
adaptive fractional-order enhancement, Hessian-based
curvature weighting, and local region-fitting within a
unified ACM framework provides a robust, interpretable,
and data-efficient alternative for mammographic mass
segmentation,**#!! while comparisons with deep learning
in related modalities highlight their complementary
strengths. !

In this research, a novel active contour framework is
introduced in which fractional calculus is combined with
an adaptive hessian-based weighting strategy. In the
proposed approach, a spatially varying fractional-order map
is first derived from the image gradient, through which
texture details are enhanced, and higher effective resolution
is achieved. Based on this enhanced representation,
the Hessian matrix is subsequently computed, and
its eigenvalues are exploited to construct an adaptive
edge-stopping function that reflects local curvature
information. In order to address the problem of intensity
inhomogeneity, a local region fitting energy term, motivated
by the RSF model, is incorporated into the formulation. The
resulting algorithm is structured to ensure computational
efficiency and numerical stability, even in the presence of
noise and irregular energy landscapes.

Literature Review

Image segmentation is regarded as a fundamental task in
medical image analysis, as it provides essential information
for CAD systems. Early segmentation approaches, including
thresholding and region-growing techniques, are known
to be computationally efficient; however, they are highly
sensitive to noise and intensity inhomogeneity.**! ACMs
were developed to improve boundary detection, starting with
the classical snake model,l'” which minimizes an energy
functional balancing internal smoothness and external image
forces. Edge-based ACMs struggle with weak boundaries,
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whereas region-based ACMs, including Chan—Vese!'"! and
RSE”! leverage intensity statistics to improve robustness.
Multiphase level sets!'>"*! and shape-driven ACMst!*44!
further enhance segmentation stability and adaptability.

Eigenvector-based multiphase segmentation methods!
improve performance on complex or irregular regions.
Fractional-order ACMs have been proposed to preserve
texture and model nonlocal dependencies, offering
robustness to noise and intensity variations.!'2!l Adaptive
fractional-order =~ methods allow  spatially  varying
enhancement of edges and textures while maintaining
smooth regularization. Hessian-based approaches capture
curvature and local structural variations, improving
segmentation of spiculated or irregular lesions.[?>%
Local region-fitting terms, including adaptive kernels,
and entropy-weighted fitting,P%"1  address intensity
inhomogeneity in heterogeneous tissues.

Deep learning methods, including U-Net,?, Connected
UNets, %31 FCN, % Mask R-CNN,?” and transformer-based
models,?" achieve remarkable performance but require
large datasets, preprocessing, and lack interpretability.l>3!3!
In contrast, classical ACMs integrated with fractional-order
enhancement, Hessian-based curvature weighting, and
adaptive local fitting offer a mathematically interpretable,
unsupervised, and  data-efficient  framework  for
mammographic mass segmentation.-4!]

Proposed Method

The proposed segmentation method in this study
integrates three complementary mechanisms (or
approaches) within a variational active contour
framework. These mechanisms include spatially adaptive
fractional  enhancement, Hessian-based curvature
regularization, and local region-based fitting, where
each one of them serves a purpose in detecting the
abnormality areas in the mammogram images. The
overall approach is designed to address the challenges
encountered in mammographic mass segmentation that
include intensity inhomogeneity, weak boundaries, and
variable lesion geometry that come with most of the
medical images, especially in the area of mammogram
images. In addition, the proposed model is implemented
using a level set formulation, allowing topological
flexibility during contour evolution.

Let I (x, y) denote the input grayscale mammogram that
is normalized to the range [0,1]. Furthermore, let ¢(x, »,
t) represent the level set function whose zero level defines
the evolving segmentation contour. The segmentation is
obtained via the evolving ¢ to minimize the variational
energy functional composed of regularization, edge
attraction, and region fitting components. In the following
sections, we first provide the theoretical foundation of the
method and then provide the algorithm and implementation
pathway.
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Adaptive fractional order map

To guide the enhancement of subtle features while
preserving noise robustness, we introduce a spatially
varying fractional order map ¥(x, y), which adapts into
the algorithm process based on the normalized gradient
magnitude of the input image. The map is defined as
follows.

||VI(X’ y)" / ||VI max
: 1)
H(vics |/vil,,,.)

where @ > 0 and > 0 are control parameters used to
define the real-world situation, like the sudden changes
in the intensity or the magnitude of the energy function.
This formulation ensures that regions with strong gradients
receive higher enhancement, while smoother regions
within the image are less affected by the application of
the algorithm over the image. The image is preprocessed
using a fractional Gaussian smoothing filter approximated
by convolving / with a standard Gaussian kernel for
computational tractability, which we denote as /,,.

Y(x,y)=a+

Hessian-based edge weighting

To improve boundary localization, especially in regions
with curved or tubular structures and non-smooth edges,
we incorporate second-order structural information via the
Hessian matrix of the enhanced image /,. The Hessian
matrix at each pixel is computed as follows.

Ly Py
ox>  dxdy
= 50 @)
v w
dydx  9y*

Let A,(x, y) and A,(x, y) denote the eigenvalues of H (7)),
ordered such that |A,| < |A,|. The edge-stopping function
g(x, y), used to control curvature regularization, is given by

1
12 (4, )" + 2, (x, )

g(x,y)= )

This function assigns smaller weights to regions with
strong second-order variation, effectively slowing contour
evolution near mass boundaries and promoting alignment
with curved edges and provides a better curve around the
aiming region at the end.

Local region fitting energy

To enable segmentation in images with intensity
inhomogeneity, a local region-based energy term is
also included in the algorithm. Let H(¢) be a smoothed
Heaviside function and K_ be a Gaussian kernel with
standard deviation . The local means inside and outside of
the contour are computed, respectively, as follows

Ko *(H(¢)-D

ul(xay): K *H(¢)

4)
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K, x((1-H(¢))-1)
K,x(1-H(¢))
These estimations are used to guide the contour evolution to
maximize the intensity homogeneity within the segmented

region and its background.

u(x,y)= )

Evolution equation

The level set function ¢ is evolved using a partial
differential equation derived via gradient descent on the
total energy functional. Specifically, let & (4) be a smoothed
Dirac delta function; then the update equation is given by
% =8 @) u@-9")+ve~A(A-u) ~(1-w)")] (6
where u is the weight for regularization via double-well
potential, v controls the strength of curvature flow weighted
by g(x, y), A determines the influence of region fitting, and
K, denotes the divergence of gV¢/||V¢||, representing the
curvature term

ol V9o
’”(g ||v¢||+e] @

Notice that the term (¢—¢°) in formula (6) penalizes
deviation from binary level sets, which also encourages
stable contour evolution and is a way to stabilize the
algorithm. Furthermore, the region-based term pulls the
contour toward regions where the difference in local
means is most pronounced and helps with better intensity
detection and recognizing the abnormal areas better.

Initialization and implementation

The level set function ¢ is initialized as a signed distance
map to a circular contour centered in the image. The
evolution is iterated until convergence, or a maximum
number of iterations is reached. Moreover, numerical
implementations are done using explicit finite difference
schemes, which are presented with parameters o = 1.0,
=20, u=02 v=02 A=50, 0=3.0, and Az = 0.1
as the default values and to be adapted based on the use
cases. All computations are performed on normalized
images to be less computationally costly, and Gaussian
smoothing is applied to suppress high-frequency noise
before segmentation.

Algorithm

In this section, we collect all the theories presented above
into an applicable algorithm to be transformed into code
and applied to the dataset of the mammography images.
The segmentation process based on the proposed fractional
active contour model with adaptive Hessian weighting is
summarized in the following pseudocode algorithm, which
guides us through Python coding that runs, numerically,
the method and updates it based on the different stages
and requirements of the model. In summary, the given
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algorithm integrates adaptive fractional order enhancement,
Hessian-based edge weighting, and local region-based
fitting into a unified level set framework.

e Algorithm 1: Fractional active contour with adaptive
Hessian weighting

e Require: Input image / (x, y), parameters o, 5, U, v, 4,
o, time step At, number of iterations 7'

e Ensure: Final level set function @(x, y) representing the
segmented region
I —min(I)

max(I)—min(I)

2. Compute gradient magnitude: G (x, y) = ||VI (x, y)||
3. Compute adaptive fractional order map (in!'¢7):
G/G,p

14(G/ Gy )°

1. Normalize input image: [ <

Px,y)=a+

4. Apply Gaussian filter to obtain enhanced image:
I, < Gaussian filter (7,0)
5. Compute second-order derivatives,*" of /,: I , 1,1,
6. Compute Hessian eigenvalues (1n[4°46]). Ax p)
A,(x, ¥)
7. Compute edge-stopping function (int*®):
1
1+A7+ A5

8. Initialize level set function ¢(x, y, 0) as signed
distance from a circular region

9. Fort=1to T do

10. Compute smoothed Heaviside function (in/!28):
H(¢)

11. Compute local region means (in!*!-81):

K FHD) K *(1=H)-1)
K, *H K, *(1-H)

g(x,y)=

u; s Uy

12. Compute Dirac delta approximation (in®):
€
5 =
(#) P

13. Compute gradient of ¢: V¢ = (¢ \,qﬁ)

14. Normalize gradient: (n, n) = V¢/(||V¢|| + &)

15. Compute curvature term: x, =V - (g (n,n ))

16.Update ¢ via PDE (in®!#)): ¢ «— ¢ + At :
[ = ) + v, = AU~ 1) = (= w)?)]

17.End for

18. Return final contour ¢(x, ).

5.(4)

Evaluation and Results

To evaluate the effectiveness of the proposed fractional
active contour model with adaptive Hessian weighting, a
series of experiments was performed using mammogram
images from the publicly available dataset: INbreast
and CBIS-DDSM. The performance of the method was
evaluated using images provided by these datasets,
which are widely used in mammographic image analysis
research. The INbreast dataset consists of 322 digitized

4

mammograms with a resolution of 1024 x 1024 pixels,
annotated by experienced radiologists, and is widely
recognized as a standard benchmark for mammographic
image analysis due to its high quality and clinical
relevance. In addition, the CBIS-DDSM dataset comprises
410 mammogram images, providing a diverse set of
annotated cases for evaluation.

In this study, the algorithm was specifically applied to
images containing malignant masses. These lesions exhibit
a wide variety of shapes and sizes, which poses a significant
challenge for accurate segmentation and classification. By
selecting such challenging cases from both datasets, we
aimed to thoroughly evaluate the robustness and accuracy
of the proposed method, and the experimental results
demonstrated promising performance.

Furthermore, the proposed method was compared with two
established active contour models: the Chan—Vese model,!!
a region-based variational formulation that relies on global
intensity assumptions, and the classical Snake model,”
which is driven by image gradients and internal smoothing
constraints. Both models were implemented with default
settings and parameters optimized for mammographic
data. We deliberately chose these two basic and classical
methods as they represent the roots of the method families
in this field, and we wanted to show the differences that
our unique method offers in segmentation compared to
these method families. All images were normalized to
the [0,1] range before segmentation. The region of interest
was defined around each labeled lesion, and the initial level
set features were centered near the target mass to ensure
fair comparisons between methods.

To enable a comprehensive evaluation, the proposed method
was also compared with AUNet,™"! an attention-based dense
up-sampling network specifically designed for segmenting
breast masses in mammograms. This comparison shows
the performance of the proposed approach compared to
established and advanced techniques in this field. Figure 1
illustrates qualitative results of the proposed model
applied to three representative mammograms from the
INbreast and CBIS-DDSM datasets. Each row displays
the original image alongside the segmentation outputs
from the classical Snake model, the Chan—Vese model,
Sun et al.’s model,*” and the proposed method. The results
demonstrate that the proposed method can successfully
capture malignant masses with low contrast, irregular
boundaries, and intensity inhomogeneity, producing
contours that adhere well to lesion boundaries. These
visual observations highlight the ability of the model to
handle challenging mammographic cases. In Figure 1, the
first column corresponds to images from the CBIS-DDSM
dataset, whereas the last two columns correspond to
images from the INbreast dataset.

To better evaluate the accuracy and boundary quality of each
segmentation, we employed two widely accepted metrics
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Figure 1: Comparison of segmentation results for three mammogram test images. The first column corresponds to images from the CBIS-DDSM dataset,
whereas the last two columns correspond to images from the INbreast dataset in row (a). From top to bottom: (a) original mammogram, (b) ground truth,
(c) Chan-Vese active contour, (d) classical snake model, (e) Sun et al.’s model, and (f) the proposed method

in medical image segmentation, namely the DSC and the . 2|4ANB|

Hausdorff Distance (HD). The Dice coefficient measures |A|+|B| ®)
spatial overlap between the predicted segmentation mask Where 4 denotes the predicted segmentation region and
and the expert annotation, and is defined as B denotes the ground truth. A Dice score of 1 indicates
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perfect overlap. On the other hand, the HD quantifies the
worst-case deviation between two boundary contours and is
particularly sensitive to outlier segmentation errors:

HD(4, B) = max {sup inf |a — bf. supinf b - a"}. o)
acd beB beB a€A
Lower Hausdorff wvalues indicate tighter boundary

alignment with the reference standard. Segmentation
results were computed across a representative subset of
INbreast and CBIS-DDSM cases, ensuring a range of
lesion sizes, contrasts, and densities. For each method,
average performance metrics and standard deviations
were computed. Table 1 summarizes the comparative
performance across the evaluated models.

It should be noted that the method proposed by Sun et al.™*”)
is based on a deep learning framework that relies on a fixed
pretrained network. Consequently, when the same trained
model is applied, the reported performance remains
unchanged across different datasets. In contrast, classical
active contour models, such as Chan—Vese and Snake, as
well as the proposed approach, are formulated as fully
unsupervised and image-driven methods. As a result, their
segmentation performance is inherently influenced by
dataset-specific characteristics, including image resolution,
contrast variations, noise levels, and lesion appearance.
This fundamental difference accounts for the observed
variability in the performance of classical and proposed
methods across datasets, whereas the results of Sun
et al.’s"" method remain relatively stable.

All compared methods, including Chan—Vese, Snake,
the approach proposed by Sun et al.,*”) and the proposed
method, were evaluated on the same INbreast and
CBIS-DDSM datasets. To ensure a fair and consistent
comparison, identical regions of interest and the same
preprocessing procedures were employed for all methods.

As expected, the classical Snake model underperformed
due to its reliance on strong image gradients, which are
often weak or absent in mammographic lesions. While the
Chan—Vese model achieved reasonably high Dice scores,
its global intensity assumption led to over-segmentation
in cases with intensity inhomogeneity and complex lesion
structures. Visual inspection revealed that the proposed
method produced more precise contours that adhered
closely to lesion boundaries, particularly in regions with
subtle edges and heterogeneous intensity. Preliminary
visual results indicate improved spatial accuracy and

Table 1: Segmentation performance comparison

Method Dice Hausdorff (px)
Chan—Vese (2001) 0.80+0.09 9.842.3
Classic Snake 0.75+0.12 12.8+£2.2
Sun et al. (2020)47! 0.79+0.01 6.8+2.4
Proposed method 0.83+0.05 6.8+2.01
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better boundary preservation compared to these classical
models. From a computational perspective, the proposed
method remains comparable to classical level-set-based
active contour models, with only a modest additional
cost associated with Hessian eigenvalue computation,
and does not require any training phase or specialized
hardware. Once evaluated over the complete INbreast and
CBIS-DDSM subsets, the proposed method is expected to
further demonstrate its advantages in both overlap accuracy
and boundary delineation due to its adaptive regularization
and sensitivity to local structural information. In addition to
quantitative metrics, visual segmentation overlays confirm
that the proposed contour evolution consistently stops at
anatomically meaningful boundaries without noticeable
leakage into surrounding tissues, a limitation commonly
observed in traditional active contour models.

Discussion and Conclusion

In this study, a mnovel variational framework for
mammographic mass segmentation was presented based
on a fractional active contour model with adaptive Hessian
weighting. The proposed approach was specifically
designed to address fundamental challenges commonly
encountered in mammogram images, including low-contrast
boundaries, intensity inhomogeneity, noise, and complex
lesion morphology. Unlike conventional active contour
models that rely on fixed-order regularization or static
edge-based forces, the proposed method dynamically
adapts its behavior according to local image characteristics,
thereby improving robustness across heterogeneous breast
tissue regions.

The effectiveness of the proposed framework was
demonstrated through both quantitative evaluation and
qualitative visual analysis. Experimental results obtained
on the INbreast and CBIS-DDSM datasets showed that the
proposed method consistently achieved higher segmentation
accuracy and improved boundary delineation compared
to classical active contour models. In particular, the DSC
and HD metrics indicated superior spatial overlap and
tighter boundary adherence, especially in challenging cases
involving weak edges, irregular lesion shapes, and intensity
variations.

From a qualitative perspective, visual inspection of the
segmentation results confirmed that the proposed model was
capable of accurately capturing malignant masses without
noticeable boundary leakage into surrounding tissues. In
contrast, the Chan—Vese model exhibited over-segmentation
in regions affected by intensity inhomogeneity due to
its global intensity assumption, whereas the classical
Snake model frequently failed to converge to meaningful
boundaries because of its reliance on strong image
gradients. The integration of adaptive fractional-order
enhancement enabled the selective amplification of weak
edges and subtle textures, while suppressing noise in
homogeneous regions. Furthermore, the incorporation of

Journal of Medical Signals & Sensors | Volume 16 | Issue 7 | July 2026
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Hessian-based curvature weighting reinforced the contour
evolution near curved or spiculated boundaries, leading
to improved localization of anatomically meaningful
structures.

An additional advantage of the proposed approach lies in
its fully unsupervised and interpretable nature. Unlike deep
learning-based segmentation methods, which typically
require large annotated datasets, extensive training
procedures, and specialized hardware, the proposed model
operates directly on image-driven cues and does not rely on
prior learning. As a result, the segmentation performance
naturally —adapts to dataset-specific characteristics,
providing flexibility across different imaging conditions
without  retraining. Moreover, the computational
complexity of the method remains comparable to that
of classical level-set-based active contour models, with
only a modest additional cost associated with Hessian
eigenvalue computation.

Despite its promising performance, certain limitations of the
proposed method should be acknowledged. Similar to other
variational segmentation approaches, the method requires
careful parameter tuning to balance the contributions
of fractional enhancement, curvature regularization,
and region fitting. In addition, although the method
demonstrates strong robustness against noise and intensity
inhomogeneity, extremely low-quality images or highly
ambiguous lesion boundaries may still pose challenges.
Future research will focus on adaptive parameter selection
strategies, extension to three-dimensional breast imaging
modalities, and hybrid integration with learning-based
frameworks to further enhance segmentation accuracy and
computational efficiency.

In conclusion, a robust and effective fractional active
contour model with adaptive Hessian weighting was
introduced for mammographic mass segmentation. By
jointly exploiting spatially adaptive fractional-order
enhancement, curvature-sensitive edge weighting, and local
region-fitting energy, the proposed framework successfully
addresses key limitations of traditional active contour
models. The experimental results confirm its potential
as a reliable and interpretable segmentation tool for
computer-aided breast cancer detection systems.
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